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Two methods of solving mixed problems of s teady-s ta te  heat conduction under conditions of 
convective heat t ransfer  are  considered: success ive  approximations and superposit ion.  
The resul ts  of a calculation of the dimensionless tempera ture  by both methods are  p r e -  
sented. 

Using plane and ax ia l ly - symmet r ica l  problems as examples, we shall consider  two approximate meth-  
ods of solving mixed problems of s teady-s ta te  heat conduction subject to convective heat t rans fe r .  One of 
these is based on seeking the solution in the fo rm of a se r i e s  in powers of the pa rame te r s  entering into the 
boundary conditions, while the second is based on the superposit ion of solutions relating to auxiliary prob-  
lems.  The f i rs t  of these methods will subsequently be called the method of success ive  approximations;  it 
enables us to construct  as accurate  a solution as desired for values of the pa rame te r  g rea te r  than unity; 
the second (superposition) method is suitable for any a rb i t r a ry  value of the parameter ,  and gives an accu-  
r acy  sufficient for engineers '  calculations.  

1. Let us consider  the half plane y > 0; on par t  of the boundary of this half plane the conditions of 
convective heat t ransfer  are  specified for ]xl < 1, while on the other half (Ixl > 1) the tempera ture  equals 
zero .  Calculation of the s teady-s ta te  thermal  field amounts in this case to seeking the harmonic  function 
~(x, y) satisfying the boundary conditions 

# - - k  O~ = 1  for g = O ,  Ix l< l ,  (1) 
Og 

8 = 0  for g = 0 ,  ] x l> l ,  (2) 

where k = 1 /B i  = const > 0. * 

Assuming that k> 1, we shall seek an expression for the tempera ture  in the fo rm 
ao 

# = .~o , ,k  -m, (3) 
m :  l 

where each of the functions ~m is assumed to be harmonic .  Substituting Eq. (3) into the boundary condi- 
tions (1), (2), we find that the boundary conditions for all the functions ~m at y = 0 may be written 

at~ : / - - 1  for m =  1, (4) 

0~  IX I'( 1 [ ~m--1 fox m > 1, 

~,,[r.,'l>l = 0 .  

�9 In [1, 2] this problem is reduced to the solution of a Fredholm integral  equation of the second kind; an 
approximate solution by the method of charac te r i s t ic  surfaces  giving sa t is factory accuracy  for small  values 
of the pa rame te r  k is also considered in [1]. 
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F o r  t he se  boundary  condi t ions  the so lu t ion  to the p r o b l e m  of d e t e r -  
min ing  dl is  quite well  known and y i e ld s  the fol lowing [3, 4]: 

O: I I.~J<~ = V 1 - x  ~. (5)  
y = 0  

Seeking the second a p p r o x i m a t i o n  in the f o r m  

e~ = j A ()~) exp (--)~y) cos Z, xd)~, (6) 
0 

we r e d u c e  it to the so lu t ion  of the fol lowing s y s t e m  of p a i r e d  i n t eg ra l  
equat ions :  

.1 .40 ~) )vcosz .xd~.=- l :  1 - - x  ~ for I x l < t ,  
0 

a~ 

.t A (k) cos ~,xd;~ = 0 for Ix! > 1. 
0 ~. 

I n t e g r a t i n g  Eq.  (7) and, d i f f e ren t i a t i ng  (8) with r e s p e c t  to x, we b r ing  the s y s t e m  to the f o r m  

j" A (~,) sin ~,xd~, := F (x) for ] x] < 1, 
0 

.~ )~A ()~) sin )~xd)~ = 0 for lxl > I, 
0 

w h e r e  

(8) 

(9) 

1 ( x l , / 1 - - x  2 -~-arcsinx). (10) F (x) 2 

T h e  so lu t ion  of the s y s t e m  (9) was  ob ta ined  in g e n e r a l  f o r m  in [5]. F o r  the F(x) def ined  by Eq.  (10) we 
have  

! 

A(~) . . . .  ~ ) E ~t (t) Jo()d)dt, 

0 

2 r  (x) (11)  
~2]tx I<! - -  

y = O  

w h e r e  

(1)(X) = S E ( V ~ ) d z  (see Fig. l). 
0 

In the p a r t i c u l a r  c a s e  in which x = 0 

2 1 

w h e r e  G = 0.916 . . . .  

(12) 

We m a y  ca l cu l a t e  the nex t  a p p r o x i m a t i o n  in an ana logous  way;  the n u m b e r  of t hese  will d e t e r m i n e  the 
a c c u r a c y  of the r e s u l t a n t  so lu t ion  (the s ign  of the e r r o r s  a s s o c i a t e d  with s u c c e s s i v e  a p p r o x i m a t i o n s  will be 
a l t e rna t ing ,  as m a y  r e a d i l y  be v e r i f i e d ) .  

Using Eq.  (3) and the e x p r e s s i o n s  fo r  ~t and ~2, we m a y  find an a p p r o x i m a t e  e x p r e s s i o n  fo r  the t e m -  
p e r a t u r e  at any point  of the b o u n d a r y  s u r f a c e .  In p a r t i c u l a r  

1 2.8 
~l*=v=0 ~ (13) 

k ak ~ 

2. Le t  u s  c o n s i d e r  the so lu t ion  of the p r o b l e m  sub jec t  to condi t ions  (1), (2) by the s u p e r p o s i t i o n  m e t h -  
od [7]. Fol lowing this  me thod  we e x p r e s s  the unknown funct ion d(x, y) as  a s u m  of two funct ions  
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sa t i s fy ing  the fol lowing boundary  condi t ions  at y = 0: 

@' : / D, txl < c, (14) 

L O, Ix[>c, (15) 

@" : f(x) : / --D, 1 . ~ ] x ] <  c, (16) 
0, Ix]>c, (17) 

Off' 
= 0, I x l <  1, (18) 

Og 

w h e r e  D and c a r e  c e r t a i n  p a r a m e t e r s .  

The boundary  condi t ion (2) is sa t i s f ied  ident ica l ly  fo r  any va lues  of the p a r a m e t e r s  D and c.  We r e -  
quire  that condi t ion  (1) should be sa t i s f ied  at the points*  x = 0 and x = 1; then the p a r a m e t e r s  D and e will  
be d e t e r m i n e d  by s imul t aneous  solut ion of the equat ions  

if'(0, O)--k  0@'(0, 0) _ l _ D ,  (19) 
0y 

1-~k  0~'(1, 0) _ 0 .  (20) 
Oy 

Finding ~' and ~" cause s  no s e r i o u s  difficulty,  the e x p r e s s i o n  fo r  the f i r s t  of them a l r eady  being 
known [4]: 

@' = arctg ~- arc{g - . (21) 
Y Y 

Seeking the e x p r e s s i o n  for  ~" in the o r d i n a r y  f o r m  

e" (x, y) = S B ()~) exp (--)~y) cos Xxd;~, (22) 
0 

we a r r i v e  at a s y s t e m  of in tegra l  equat ions  
~o 

.f B (k) cos ~,xdX = f (x), x > 1, (23) 
0 

S)~B (~) cos = O~ x < 1. ~,xd~, (24) 
0 

In tegra t ing  (24) with r e s p e c t  to x, we r educe  the s y s t e m  in ques t ion to the f o r m  

.I B(~,)cos~,xd~, = f(x), x > l ,  (25) 
0 

.f B(~,)sin~xd~, = 0, x <  I. (26) 
0 

*Since the solut ion of the p r o b l e m  in quest ion is an even funct ion in x, we shal l  subsequent ly  (in o r d e r  to 
be specif ic)  a s s u m e  that x > 0. 
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The  func t ion  B(X) we s h a l l  s e e k  in the f o r m  
~o 

B (k) = ~ ,  (t) Jo (Xt) dr. (27) 
1 

H e r e  Eq.  (26) i s  s a t i s f i e d  i d e n t i c a l l y ,  whi le  (25) i s  r e d u c e d  to the S c h l e m i l c h  i n t e g r a l  equa t ion  

, (~) d~ 
j V ~ - . - _ - ~ c  - T(~), 
o 

w h e r e  ~ = l / x ;  r = l / t ;  7 ( r )  = r  = f ( 1 / ~ ) / ~ .  

The  so lu t i on  to Eq .  (28) i s  a l r e a d y  we l l  known [8]. S t a r t i n g  f r o m  (16), (22), (27), 
have  

128) 

(17), and (28) we 

if, ~ 2 D  tdt exp (--~g) J0 (~.t) cos ~,xd)~. (29) 
a jVT-'-Y- t ~ 

L 0 

Using  (19) and (20), we ob ta in  r e l a t i o n s  connec t ing  the p a r a m e t e r s  D and c to the s p e c i f i e d  quant i ty  k: 

k c (c ~ - -  1) c 2 - -  2 
-- arccos ~ ,  (30) 

2 c ~ 

D - a~(c 2 -  1) (31) 
2tee 

i t  m a y  be shown tha t  the r e s u l t s  a r e  v a l i d  fo r  any va lue  of k E [0, oo). 

Us ing  (21) and (29)-(31) we f ind the fo l lowing equa t ions  f o r  the t e m p e r a t u r e  and i t s  n o r m a l  d e r i v a t i v e ,  
depend ing  on the  p a r a m e t e r  e ( see  F i g .  2): 

2 1  c ~ - -  g~ -- 2 
8(0,  g)-~ a - - a r c t g C §  arccos 1 (32) 

c ~ - 2  ~ g a c '~:~-9 2 ~' 
C2aYCCOS - 

C B 

c 2 + x 2 - -  2 
arccos 

c '~ - x~ (3a )  
8 (x,  O)L-. l  = c 2 - -  2 ' 

c2arccos - -  
C 2 

08(x, 0) I =-- 2 (34) 

@ ] * < '  ic (c ~ - x ~) arc cos  c '  - 2  
C 2 

S t a r t i n g  f r o m  (34) we a l s o  ob ta in  an e x p r e s s i o n  fo r  the  to ta l  t h e r m a l  f lux of the s y s t e m  
1 

f 4Arc thc Q =  - -  2, a~(x,  O) d x =  
Oy c a - -  2 ' 

0 c2arcc~ - -  
C 2 

which  m a y  a l so  be u s e d  to c a l c u l a t e  the t h e r m a l  r e s i s t a n c e  p e r  uni t  l ength .  

The  e r r o r  in the r e s u l t a n t  so lu t i on  i s  d e t e r m i n e d  by  the d e v i a t i o n  of the a p p r o x i m a t e  b o u n d a r y  c o n d i -  
t ion  f o r  x < 1 f r o m  the cond i t i on  s p e c i f i e d  by (1); c a l c u l a t i o n s  show that  th is  e r r o r  i s  no m o r e  than  a few 
p e r e e n t  of  the  m a x i m u m  va lue  of the func t ion  at  the  b o u n d a r y .  

3, T h e s e  two m e t h o d s  m a y  be a p p l i e d  not  only  to p l a n e  but  a l s o  to a x i a l l y  s y m m e t r i c a l  p r o b l e m s  with  
b o u n d a r y  cond i t i ons  of the t h i r d  k ind .  

Let us consider the space z > 0; on part of the boundary of this space (inside a circle of unit radius) 
the conditions of convective heat transfer are satisfied, while on the remaining part of the boundary plane 
the temperature equals zero. A calculation of the temperature distribution in this case reduces to finding 
.~(r, z) subject to the following boundary conditions* 

8 - - k  O{} - lfor z ~ 0 ,  r ~ l ,  (35) 
Oz 

~ 0  for z = 0 ,  r > l .  (36) 

*In [9] this problem is reduced to a solution of a Fredholm equation of the second kind. 
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The solution to this problem by the superposition method is given in [7]. In the present case we shall 
therefore confine ourselves to the method of successive approximations. Proceeding as in the case of the 
plane problem, i.e., seeking the solution for k > 1 in the form of a series (3), for z = 0 we arrive at bound- 
ary conditions for the functions ~ra analogous to conditions (4): 

0t%m- -~- / - - I  for r n =  1, 
(37) Oz z=0 [ ~m I for m ~ l ,  

r< l  

~ m  Iz=0 : 0 .  
r >  1 

The solut ion to the p r o b l e m  of de t e rmin ing  ~1 is  a l r e a d y  known [4]: 

i V  ~1 z=0 = 1 - -  P. (38) 

Seeking the second  app rox ima t ion  in the f o r m  

#2 = .t' A (•) exp (--~z) J0 (~r) d~, (39) 
0 

and al lowing for  (37) and (38), we a r r i v e  at the fol lowing s y s t e m  of in t eg ra l  equat ions  

~XA (~) Jo (Lr) dL V 1 - -  r ~ for r < 1, (40) 
2 

�9 $ f  
0 

S A (~,) Jo (~,r) dL = 0 for r > 1. 
'0  

The solut ion to a s y s t e m  of the f o r m  (40) was  obtained in [7]; in the p r e s e n t  c a s e  it leads  to the fo l -  
lowing e x p r e s s i o n  for  ~2 at the boundary :  

r<, 2(I) 1 (r) (41) 
~2 z~O ~ ~2 

w h e r e  
I �9 1 + , ]  d, 

1 - -  t " g - ~ - ~  (see Fig. 3). 

At r = 0 the funct ion r  m a y  be e x p r e s s e d  in expl ic i t  f o r m ;  in the second  approx ima t ion  the f o r m u l a  for  
the t e m p e r a t u r e  b e c o m e s  

. . . .  o 2 4 + u 2 (42)  
~k 4~2k 2 

TABLE 1. Resu l t s  of a Calcula t ion  of the D i m e n s i o n l e s s  T e m -  
p e r a t u r e  

}lx=y=o (plane problem) 

t~Ir=z=O (axially sym- 
metrical problem) 

k 2 

first approximation 
by successive approx-, 
imation second approxima- 

tion 

by superposition 

by s u c c e s s i v e  ap- 

proximation 

first approximation 

second approxi- 
mation 

by superposition 

0,50 

0,27 

0,35 

0,32 

5 15 

0,20 0,10 

0,16 0,09 

0,17 0,09 

0,13 0,06 

0,06 

0,06 
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4. ,Comparing the results of calculations carr ied out by the two foregoing methods for the dimen- 
sionless temperature we find excellent agreement between them for both the plane and the axially symmetric 
problem (Table !). 

For large values of k both methods lead to the same approximate equations. 

For the plane problem 

1 

For the axially symmetric  problem 

2 
=k 

The results here presented may also be used for solving other analogous problems in potential theory, 
in part icular  in calculating the electric field of l inearly-polarized electrodes. 

, g Q  
Bi, 
k 
f, F, ~, ~, r A, B 
x, y 
r, z 

t, T 
k 

C, D 
E 

Jo 
G 

N O T A T I O N  

are the dimensionless temperature and thermal flux; 
is the Blot number; 
is the boundary-condition parameter ;  
are the symbols of the functions; 
are the Cartesian coordinates; 
are the cylindrical coordinates; 
are the integration variables; 
is the variable separation parameter  in the Laplace equation; 
are the parameters ;  
is the complete elliptic integral of the second kind; 
is the Bessei function of the first  kind and zeroth order;  
is the Catalan constant. 

1. 

2.: 

3. 
4. 

5. 

6. 

7. 

8. 

9. 
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